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We study the algebraic structure of the one-dimensional Dirac oscillator, by extending the concept
of spin symmetry to a noncommutative case. An SO(4) algebra is found connecting the eigenstates
of the Dirac oscillator, in which the two elements of Cartan subalgebra are conserved quantities.
Similar results are obtained in the Jaynes-Cummings model.
I. INTRODUCTION
The Dirac equation is a cornerstone of modern physics
[1]. It is consistent with both the principles of quan-
tum mechanics and the theory of special relativity, and
playes an essential role in the field of high energy physics
[2]. The Dirac oscillator (DO), obtained by the sub-
stitution p → p − iβmωx into the free Dirac equation
[3, 4], has become the paradigm for the construction of
covariant quantum models with some well determined
nonrelativistic limit [5]. It is used in various branches
of physics, such as nuclear physics [6] and subnuclear
physics [7], and recently simulated in quantum optics
[8–11] and classical microwave setups [5, 12]. What is
particularly noteworthy is that, the simulation in quan-
tum optics is based on the equivalence between the DO
and the Jaynes-Cummings (JC) model, which is the sim-
plest soluble model in light-matter interaction within the
frame of completely quantized theory [13].
On the other hand, the concepts of dynamical sym-
metry and algebraic structure are essential and prevalent
both in classical and quantum mechanics [14, 15]. As the
two simple examples, the Hydrogen atom and harmonic
oscillator in nonrelativistic quantum mechanics [14, 15],
the energy levels of a quantum system may be derived
based on its algebraic structure. Algebraic properties
of the DO has been studied from different perspectives
[16, 17] shortly after the original work of Moshinsky [3].
Very recently, Zhou et al. [18] construct shift operators
by using the matrix-diagonalizing technique [19].
In this work, we reexamine the algebraic structures of
the one-dimensional (1D) DO and the JC model. The
motivation for this research is that, the eigenstates of
the JC model (and similarly, the DO) are determined by
two good quantum numbers, but only one pair of raising
and lowering operators are obtained in Ref. [18]. There-
fore, our aim is to derived the two conserved quantities
accompanied their shift operators, which describe the full
algebraic structure of the two models.
Our work begins with the 1D DO. It can be obtained by
linearizing the quadratic form E2 = m2+p2+m2ω2x2−
βmω, as the original approach to derive the Dirac Hamil-
tonian [1], with ω and β being the frequency and one of
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the Dirac matrices. We choose ~ = c = 1 in this paper.
This implies that, the 1D DO and two-dimensional (2D)
free Dirac system may share similar features, whereas
difference comes from the commutator [x, p] = i.
The Dirac Hamiltonian, with scalar and vector po-
tentials of equal magnitude, certainly including the free
Dirac equation, has the spin or pseudospin symmetry cor-
responding to the same or opposite sign [20]. These sys-
tems are shown to have the same dynamical symmetries
with their nonrelativistic counterparts [21–25]. The key
step to reveal the symmetries is to derive the conserved
quantities with the aid of an unitary operator [21–23].
Zhang el al. propose a 2D version of the unitary opera-
tor [24], and show it can be used to deal with noncentral
systems [25].
In this work, we extend the unitary for 2D Dirac equa-
tion to a noncommutative case. Namely, one of the mo-
mentum in the unitary is replaced by a coordinate oper-
ator. By using such unitary, one can derive conserved a
number operator and a spin of the 1D DO, the shift oper-
ators for which can be constructed simultaneously. With
these conserved quantities and shift operators, a SO(4)
algebraic structure of the system is revealed, which is
said to be a dynamical symmetry in broad sense [26].
Similar results are obtained in the JC model by a similar
procedure.
II. CONSERVED ANGULAR MOMENTUM OF
THE 2D FREE DIRAC EQUATION
Let us begin with the 2D free Dirac Hamiltonian
H = ~α · ~p+ βm, (1)
where the Dirac matrices are conveniently defined in
terms of the Pauli matrices ~α = (σ1, σ2) and β = σ3.
In matrix form, it reads
H =
(
m B†
B −m
)
, (2)
with B = p1 − ip2 and B† = p1 + ip2. The spin-orbit
coupling leads to the usual orbital angular momentum
l = x1p2−x2p1 does not commute with the Hamiltonian
(1). A deformed orbit momentum defined in Ref. [24]
L = U †lU (3)
2can be easily proved to be conserved, when the unitary
U =
(
1 0
0 B
p
)
(4)
with p =
√
p21 + p
2
2 =
√
B†B =
√
BB†. It equals
L = UlU † =
(
l 0
0 l − 1
)
. (5)
and commutes with the 2D Dirac Hamiltonian Hamilto-
nian with equal scalar and vector radial potentials, which
is the key reason why the dynamical symmetries in these
systems studied in [24] are not broken by the spin-orbit
coupling.
III. CONSERVED NUMBER OPERATOR OF
THE 1D DO
The Hamiltonian of the one-dimensional version of the
DO is given by
H = α(p− iβmωx) + βm, (6)
where the Dirac matrices α = σ2 and β = σ3. In matrix
form, it reads
H =
(
m
√
2mωa†√
2mωa −m
)
(7)
where a† =
√
mω
2 (x − imωp) and a =
√
mω
2 (x +
i
mω
p)
are the raising and lowering operators of a nonrelativis-
tic harmonic oscillator. The 1D DO can be regarded as
a coupled quantum system composed by the harmonic
oscillator and a spin, and the coupling vanishes in the
nonrelativistic limit [27]. The interaction leads to that
the number operator N = a†a, which is a good quantum
munber of the harmonic oscillator, is nolonger conserved.
It is noteworthy that the matrix (7) can be obtained by
replacing the first momentum with the coordinate cor-
responding to the second momentum. Such similarity
between the Hamiltonians enlightens us to construct a
deformed number operator which commutes with the DO
Hamiltonian. Our solution is to extend the unitary (4)
to the case of the DO. An intuitive approach is to re-
place B and B† in (4) with the shift operators a and a†.
However, there are several possible alternatives because
of the uncommutation between a and a†, or equivalently
x and p. Among these, one can directly find the unitary
U =
(
1 0
0 a 1√
N
)
(8)
transforming the number operator into a conserved one
as
N = UNU† =
(
N 0
0 N + 1
)
(9)
It commutes with the Hamiltonian H. In addition, the
spin operator is invariant under the unitary, that is
s = UsU†, (10)
where s = σ32 .
Spectrum of the 1D DO.– Under the inverse transfor-
mation of the unitary (8), the Hamiltonian becomes
U†HU =
(
m
√
2mωN√
2mωN −m
)
. (11)
It can be diagonalized in the diagonalized in the two-
dimensional subspace with the same quantum number
N , that is
ei
σ2
2
θNU†HUe−iσ22 θN =
√
2mωN +m2σ3, (12)
where θN is a operator function defined by tan θN =√
2ωN/m. Here, we remark that, the above form in (12)
is different with the Foldy-Wouthuysen transformation
[28].
The eigenstates of the DO can be obtained directly as
|ϕ±n 〉 = Ue−i
σ2
2
θN |±〉 ⊗ |n〉, (13)
where |±〉 and |n〉 are eigenstates of the spin and the
harmonic oscillator respectively, satisfying σ3|±〉 = ±|±〉
and N |n〉 = n|n〉. Here, the quantum number n =
0, 1, 2 · · · for the plus sign (+), but n = 1, 2 · · · for the
minus sign (−). They satisfy
H|ϕ±n 〉 = E±n |ϕ±n 〉, (14)
and the corresponding eigenenergies are
E±n = ±
√
2mωn+m2. (15)
The eigenstates in matrix form are given by
|ϕ+n 〉 =
(
cos θn2 |n〉
sin θn2 |n−1〉
)
, |ϕ−n 〉 =
( − sin θn2 |n〉
cos θn2 |n−1〉
)
,(16)
where θn is the eigenvalue of θN satisfying tan θn =√
2ωn/m.
IV. SO(4) ALGEBRA OF THE 1D DO
Now, we investigate the full algebraic structure of the
1D DO. The diagonalized form of the Hamiltonian (12)
indicates that there is a conserved quantity in addition
3to the deformed number operator, which is given by
Σ3 = Ue−i
σ2
2
θNσ3e
i
σ2
2
θNU†. (17)
And the deformed number operator (9) equals
N = Ue−iσ22 θNNeiσ22 θNU†, (18)
as [N, θN ] = 0. The shift operators of the two conserved
quantities can be obtained as
b=Ue−iσ22 θNaeiσ22 θNU†, b†=Ue−iσ22 θNa†eiσ22 θNU†, (19)
Σ± = Ue−i
σ2
2
θNσ±ei
σ2
2
θNU†, (20)
where σ± = (σ1 ± iσ2)/2. They satisfy the commuta-
tion relations of the harmonic oscillator and the Pauli
matrices as
[N , b] = −b, [N , b†] = b†, [b, b†] = 1, (21)
[Σ3,Σ±] = ±2Σ±, [Σ+,Σ−] = Σ3. (22)
The two conserved quantities and their shift operators
constitutes two independent Lie algebras. The harmonic
oscillator operators construct a SU(1,1) algebra [18, 19]
as
K3 = N + 1
2
, K+ = b
†ξ(K3), K− = ξ(K3)b, (23)
with ξ(K3) =
√N + 1, and they satisfy commutation
relations
[K3,K±] = ±K±, [K+,K−] = −2K3. (24)
And, the deformed Pauli matrices construct a SU(2) al-
gebra naturally as
S3 =
Σ3
2
, S± = Σ±, (25)
satisfying
[S3, S±] = ±S±, [S+, S−] = 2S3. (26)
The non hermitian generators in the two Lie algebras can
be rewritten as Hermitian ones as
K1 =
1
2
(K+ +K−), K2 =
1
2i
(K+ −K−), (27)
S1 =
1
2
(S+ + S−), S2 =
1
2i
(S+ − S−). (28)
The two algebras are decoupled, as
[Si,Kj] = 0, (29)
with i, j = 1, 2, 3.
The above results show that the 1D DO has a SO(4) al-
gebraic structure, the six generators of which are defined
as
Ii = K˜i + Si, Ri = K˜i − Si, with i = 1, 2, 3, (30)
where K˜1 = iK1, K˜2 = iK2, K˜3 = K3. The commuta-
tion relations of the SO(4) algebra are
[Ii, Ij ] = iǫijkIk,
[Ii, Rj ] = iǫijkRk, (31)
[Ri, Rj ] = iǫijkIk,
with i, j, k = 1, 2, 3. The two conserved Hermitian oper-
ators I3 and R3, satisfying [I3, R3] = 0, form the Catan
subalgebra. The Hilbert space of the 1D DO provieds
a representation of the SO(4) Lie algebra, in which the
I3 and R3 are diagonal. One can derive their matrix
elements directly as
A1|ϕ±n 〉=
i
2
[(n+1)|ϕ±n+1〉+n|ϕ±n−1〉]+(−1)α
1
2
|ϕ∓n 〉,
A2|ϕ±n 〉=
1
2
[(n+1)|ϕ±n+1〉−n|ϕ±n−1〉]±(−1)α
i
2
|ϕ∓n 〉, (32)
A3|ϕ±n 〉=[n+1± (−1)α
1
2
]|ϕ±n 〉,
where A = I with α = 0 and A = R with α = 1.
V. JC MODEL
We now turn to the JC model, the simplest completely
quantized model in light-matter interaction, in which a
two-level atom (matter) is coupled with a quantized mode
(light) of an optical cavity. Its has many applications not
only in the field of quantum optics [29] but also in the
field of solidstate quantum information circuits [30], both
experimentally and theoretically. The Hamiltonian reads
HJC = ωa†a+ Ω
2
σz + J(a
†σ− + aσ+) (33)
where Ω is the level splitting of the two-level system,
a (a†) is the destruction (creation) operator of a single
bosonic mode with frequency ω, J is the coupled coeffi-
cient. It in matrix form is given by
HJC =
(
ωa†a+ Ω2 Ja
Ja† ωa†a− Ω2
)
. (34)
Following a similar procedure for the DO, one can de-
fine conserved number operator
NJC = VNV† =
(
N 0
0 N − 1
)
(35)
by the unitary
V =
(
1 0
0 1√
N
a†
)
. (36)
4The Hamiltonnian can be diagonalized in two steps.
First, by the unitary, it is transformed into
V†HJCV =
(
ωN + Ω2 J
√
N + 1
J
√
N + 1 ω(N + 1)− 12Ω
)
. (37)
Second, one can choose a 2× 2 operator in the subspace
with the same quantum number as
ei
σ2
2
φNV†HJCVe−i
σ2
2
φN
= ω(N +
1
2
) +
√
J2(N + 1) +
(Ω− ω)2
4
σ3, (38)
where φN is a operator function defined by tanφN =
2J
√
N + 1/(Ω− ω). Hence, its eigenvalues are
ǫ±n = ω(n+
1
2
)±
√
J2(n+ 1) +
(Ω− ω)2
4
, (39)
corresponding to the eigenstates
|ψ±n 〉 = Ve−i
σ2
2
φN |±〉 ⊗ |n〉, (40)
where n = 0, 1, 2 · · · . Two conserved quantities and their
shift operators can be constructed as
NJC = Ve−i
σ2
2
φNNei
σ2
2
φNV†,
bJC = Ve−i
σ2
2
φN aei
σ2
2
φNV†,
b†JC = Ve−i
σ2
2
φN a†ei
σ2
2
φNV†, (41)
Σ
(3)
JC = Ve−i
σ2
2
φNσ3e
i
σ2
2
φNV†,
Σ
(±)
JC = Ve−i
σ2
2
φNσ±ei
σ2
2
φNV†.
Follow the same steps to study the DO, one can show a
SO(4) algebraic structure in the JC model.
VI. SUMMARY
By extending the approach to study the 2D Dirac sys-
tem with a spin symmetry, we present a unitary which
transforms the number operator to a conserved quantity
of the 1D DO. Based on this result, one can diagonal-
ize the DO Hamiltonian, and obtain the two conserved
quantities together with their shift operators. These op-
erators show an SO(4) algebra connecting the eigenstates
of the Dirac oscillator. By a similar procedure, we also
show the SO(4) algebra in the JC model.
Further researches on this topic in the two follwing di-
rections would be interesting. First, whether one can ex-
tend the conserved number operator to the two- or three-
dimentional Dirac oscillators, and derive a deformed
isotropic harmonic oscillator, is a natural question. Sec-
ond, it is fascinating to consider the algebraic of the mul-
tiphoton JC Model [31]. More specifically, we look for-
ward to obain a polynomial generalization of the SO(4)
algebra [25] in it.
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